Abstract. Let K = Q( √ m) be a real quadratic number field, where m > 1 is a squarefree integer. Suppose that 0 < θ < π has rational cosine, say cos(θ) = s/r with 0 < |s| < r and gcd(r, s) = 1. A positive integer n is called a (K, θ)-congruent number if there is a triangle, called the (K, θ, n)-triangles, with sides in K having θ as an angle and nα θ as area, where α θ = √ r 2 − s 2 . Consider the (K, θ)-congruent number elliptic curve E n,θ : y 2 = x(x + (r + s)n)(x − (r − s)n) defined over K. Denote the squarefree part of positive integer t by sqf(t). In this work, it is proved that if m = sqf(2r(r − s)) and mn = 2, 3, 6, then n is a (K, θ)-congruent number if and only if the Mordell-Weil group E n,θ (K) has positive rank, and all of the (K, θ, n)-triangles are classified in four types.
Introduction
A positive integer n is called a congruent number if it is the area of a right triangle with rational sides. Finding all congruent numbers is one of the classical problems in the modern number theory. We cite [8] for an exposition of the congruent number problem, and [4] to see the first study of θ-congruent numbers as a generalization of the classic one. Let 0 < θ < π has rational cosine cos(θ) = s/r with 0 < |s| < r and gcd(r, s) = 1. Let (U, V, W ) θ denote a triangle with an angle θ between sides U and V . A positive integer n is called a θ-congruent number if there exists a triangle (U, V, W ) θ with sides in Q having area nα θ , where α θ = √ r 2 − s 2 . In other words, n is a θ-congruent number if it satisfies 2rn = UV, W 2 = U 2 + V 2 − 2s r UV.
An ordinary congruent number is nothing but a π/2-congruent number. Clearly, if n is a θ-congruent number, then so is nt 2 , for any positive integer t. We shall concentrate on squarefree numbers whenever θ-congruent numbers concerned. Let E n,θ : y 2 = x(x + (r + s)n)(x − (r − s)n)
be the θ-congruent number elliptic curve, where r and s are as above. Theorem 2. 4 gives an important connection between θ-congruent numbers and the Mordell-Weil group E n,θ (Q). For more information and recent results about θ-congruent numbers see [5, 3, 14] .
The notion θ-congruent number, which is defined over Q, can be extended in a natural way over real quadratic number fields K. In this case, we refer to n as a (K, θ)-congruent number and to the triangle (U, V, W ) θ as a (K, θ, n)-triangle. When n is not a θ-congruent number over Q, a question proposed naturally: Is n a (K, θ)-congruent number for some real quadratic number field K? Tada [13] answered this question in the case θ = π/2, by studying the structure of the K-rational points on the elliptic curve E n,π/2 : y 2 = x(x 2 − n 2 ). In this paper, we answer the above question for any0 < θ < π and classify all (K, θ, n)-triangles. Through the paper we shall consider K = Q( √ m) to be a real quadratic field, where m > 1 is squarefree. We denote the squarefree part of any positive integer N by sqf(N). The main results of this paper are the following theorems. (2) of Theorem 2.4 in the following. Note that the non-equality conditions for mn and m in Theorem 1.1 are necessary. For a counterexample, when n = 1 and θ = 2π/3, we have r = 2, s = −1, α θ = √ 3. Now taking m = 3 = sqf(2r(r − s)), there is a (Q( √ 3), θ, 1)-triangle with sides (2, 2, 2 √ 3) and area √ 3 but using Theorem 2.1,
The following theorem classifies all types of (K, θ, n)-triangles. Theorem 1.2. Assume that n is not a θ-congruent number over Q and let σ be the generator of Gal(K/Q). Then any (K, θ, n)-triangle with (U, V, W ) ∈ (K * ) 3 and (0 < U ≤ V < W ) is necessarily one of the following types:
Let A = sqf(r 2 − s 2 ), B = sqf(2r(r − s)) and C = sqf(2r(r + s)). The following proposition shows when there is no (K, θ, n)-triangle of Types 2, 3 and 4. (3, 5) , (7, 5) , (7, 7) , (1, 5) , (3, 5) , (3, 7) , (5, 3), (5, 7), (7, 3) , (7, 7) , (1, 5) , (3, 1) , (3, 3) , (5, 1), (5, 7), (7, 5) , (7, 7) ; The next result settles a condition on n and mn to be θ-congruent over Q. Theorem 1.4. Let n be a positive squarefree integer such that gcd(m, n) = 1 and mn = 2, 3, 6. Then the following statements are equivalent.
The integers n and mn are θ-congruent numbers over Q.
Preliminaries
Consider an elliptic curve E : y 2 = x 3 +ax 2 +bx+c over Q. Recall that the m-twist E m of E is an elliptic curve over Q defined by
The next result establishes a fact about ranks [10] .
Theorem 2.1. Let E be an elliptic curve over Q. Then
We denote the torsion subgroup of the groups E(K) and E m (K) by T (E, K) and T (E m , K), respectively. Also, we write T n,θ (K) and T m n,θ (K), respectively, in the case E = E n,θ . The following proposition and theorem have essential roles in the proof of our results.
is an injective map of abelian groups, where σ is the generator of Gal(K/Q). 
Suppose that (x 0 , y 0 ) be an F-rational point of E. Then, there exists an F-rational
The next results give important information about θ-congruent numbers over Q. 
and only if either of the following holds.
(i) n = 1, 2r and r − s are squares but not satisfy (i) of Part (1), (ii) n = 2, r and 2(r − s) are squares but not satisfy (ii) of Part (1);
Proofs
Appealing to Proposition 2.2, we first settle all possibilities for the torsion subgroup of E n,θ (K). Let h, k, and d be integers such that 2r = h 2 sqf(2r), r − s = k 2 sqf(r − s) and 2r(r − s) = d 2 m, where m = sqf(2r(r − s)).
Proposition 3.1. Assume that m > 1 and n are squarefree positive integers such that gcd(m, n) = 1 and mn = 2, 3, 6. Let T n,θ (K) be the torsion subgroup of E n,θ (K).
(1) If m = sqf(2r(r − s)) and n = sqf(2r), then
(2) If m = sqf(2r(r − s)) and n = sqf(r − s), then
Proof. The 2-torsion subgroup of E n,θ (K) is: 
. Then there exists a point P = (x 0 , y 0 ) of order 4 in T n,θ (K). Then 2P must be one of the points (0, 0), (−(r + s)n, 0) and ((r − s)n, 0). If 2P = (0, 0) then both (r + s)n and −(r − s)n are squares in K, which is impossible since K is a real quadratic number field and hence −1 is not a square in K. Similarly, if 2P = (−(r + s)n, 0), then −(r + s)n and −2rn are squares in K, again a contradiction by the same reason. If 2P = ((r − s)n, 0), then (r − s)n and 2rn are squares in K. Since n is squarefree, these integers are squares in K if m = sqf(2r(r − s)). By a simple computation using the duplication formula we obtain (1) and (2) . Now, (3), and the proof is completed.
Proof of Theorem 1.1. Consider the two sets
There is a one to one correspondence between the two sets S and T via the two mutually inverse maps ϕ : S → T and ψ : T → S defined by
Clearly, E n,θ (K)\E n,θ [2] (K) = ∅ if and only if S = ∅. Suppose that m = sqf(2r(r−s)) and mn = 2, 3, 6. Then by proposition 3.1, we have T n,θ (K) = E n,θ [2] (K). Therefore, rank(E n,θ (K)) > 0 if and only if E n,θ (K)\E n,θ [2] (K) = ∅. So rank(E n,θ (K)) > 0 if and only if either rank(E n,θ (Q)) > 0 or rank(E m n,θ (Q)) > 0, by Theorem 2.1. The second part of the theorem follows from Remark 2.6.
Proof of Theorem 1.2. Assume n is a (K, θ)-congruent number and (U, V, W ) θ is the corresponding (K, θ, n)-triangle with area nα θ such that 0 < U ≤ V < W . As in the proof of the Theorem 1.1, there is a point P = (x, y) in E n,θ (K)\E n,θ [2] (K) such that ψ(P ) = (U, V, W ). Substituting P by P + (0, 0), P + (−(r + s)n, 0) or P + ((r − s)n, 0), if necessary, we may assume that x > [(r + s) + 2r(r − s)]n. Putting 2P = (u, v) and using the map ψ in the proof of Theorem 1.1, we obtain
where x, y ∈ K and | · | is the usual absolute value induced from the embedding ι : K ֒→ R with ι( √ m) positive. Suppose σ is a generator of Gal(K/Q) and put σ(P ) = (σ(x), σ(y)). Since P + σ(P ) is an element of E n,θ (Q) and n is not a θ-congruent number, P + σ(P ) ∈ T n,θ (Q) = {∞, (0, 0), (−(r + s)n, 0), ((r − s)n, 0)}. Hence, one of the following cases necessarily happens:
I. P + σ(P ) = ∞. In this case, σ(x) = x and σ(y) = −y. So, x, y √ m and hence U √ m, V √ m and W √ m are rational and we obtain a (K, θ, n)-triangle of Type 1. II. P + σ(P ) = (0, 0). We have σ(x)/x = σ(y)/y, which we denote by α. Then,
Since σ(P ) is a point on E n,θ , we get
Clearly, α = 0, 1 and x = 0, which implies xσ(x) = αx 2 = −(r 2 − s 2 )n 2 . Therefore,
Since x/y = σ(x/y) and x > [(r + s) + 2r(r − s)]n, then x/|y| is rational and hence U = 2rnx/|y|, V and W √ m are rational, which gives a (K, θ, n)-triangle of Type 2. III. P + σ(P ) = ((r − s)n, 0). We have σ(x − (r − s)n)/(x − (r − s)n) = σ(y)/y, which we denote by β. Put z = x − (r − s)n. Then,
Now β = 0, 1 and z = 0, which implies βz 2 = 2r(r − s)n 2 . Substituting this equation and x = z + (r − s)n in U, V and W , we obtain
Since z/y = σ(z/y) and z > 0, then z/|y| and hence W is rational and σ(U) = V . This time we obtain a (K, θ, n)-triangle of Type 3. IV. P + σ(P ) = (−(r + s)n, 0). Put w = x + (r + s)n. As in Case III, w/|y| and W = w(w − 2(r + s)n + σ(w))/|y| are rational and σ(U) = −V , where
Therefore, we obtain a (K, θ, n)-triangle of Type 4.
Proof of Proposition 1.3. If we suppose that there is a (K, θ, n)-triangle of Type 2, say (U, V, W ) θ = (u, v, w √ m) with u, v, w ∈ Q + , then (x, y, z) = (ru − sv, v, mrw) is a non-zero solution of the equation 5, 7), (7, 5) , (7, 7). Proof of Theorem 1.4. Case 1. n and mn are (Q, θ)-congruent numbers. Consider the (Q, θ, n)-triangle (U 1 , V 1 , W 1 ) θ and the (Q, θ, mn)-triangle (U 2 , V 2 , W 2 ) θ , where
Recall the maps ϕ and ψ in the proof of Theorem 1.2 and put
Then the additive law on E n,θ (K) implies u = a + b √ m, where
We may assume v ≥ 0. Since (u, v) ∈ T , then ψ((u, v)) ∈ S which indicates the sides of a (K, θ, n)-triangle (U, V, W ) θ . In fact, if we suppose
and
where
Conversely, suppose to the contrary that n or mn is not θ-congruent over Q. First, assume n is not θ-congruent over Q but mn is θ-congruent over Q. By Theorem 1.2 (1), there is no (K, θ, n)-triangle (U, V, W ) θ satisfying the conditions 0 < U ≤ V < W , W ∈ Q and W √ m ∈ Q. Case 2. mn is not θ-congruent over Q but n is (K, θ)-congruent. Let (U, V, W ) θ denotes the sides of the corresponding (K, θ, n)-triangle. Multiplying the three sides by √ m, we get the (K, θ, mn)-
For the positive integer mn, we define the map ϕ ′ in the same way as ϕ. Put
for some point P ′ ∈ E mn,θ (K). For the generator σ of Gal(K/Q), since P ′ + σ(P ′ ) is an element in E mn,θ (Q) and mn is not θ-congruent over Q, we have
Therefore, by the same way as in the proof of Theorem 1.2, one of the following cases necessarily happens:
Hence, there is no (K, θ, n)-triangle (U, V, W ) θ with W ∈ Q and W √ m ∈ Q. Case 3. Both n and mn are not θ-congruent numbers over Q, where mn = 2, 3, 6. If m = sqf(2r(r − s)), by Theorem 1.1, n is not (K, θ, n)-congruent. If m = sqf(2r(r − s)) and n is (K, θ, n)-congruent, we have U = V for all (K, θ, n)-triangles (U, V, W ) θ . Hence, there is no any (K, θ, n)-triangle (U, V, W ) θ with W ∈ Q and W √ m ∈ Q. We have completed the proof of Theorem 1.4.
Examples
In this section, we give some examples of (K, θ)-congruent numbers and verify all four types of (K, θ, n)-triangles in Theorem 1.2 in the cases θ = π/3, 2π/3. Given n, let (U, V, W ) θ be a (K, θ, n)-triangle. Then, we have
In our computations we have used Cremona's MWrank program [2] and the number theoretic Pari software [1] .
I) Case θ = π/3. In this case, we have r = 2, s = 1, and α θ = √ 3, and hence the area of any (K, π/3, n)-triangle is n √ 3. . Parametrizing u and v in terms of t ∈ Q we obtain u = −5t 2 + 26t − 65/t 2 − 13 and v = t 2 − 10t + 13/t 2 − 13. By putting these into w 2 = u 2 + 39v 2 and taking t = 13/4 one can see that w 2 = u 2 + 39v 2 is a square in Q. So, we obtain (U, V, W ) π/3 = (41 − 11 II) Case θ = 2π/3. In this case, we have r = 2, s = −1, and α θ = √ 3. So, as in the case I, the area of any (K, 2π/3, n)-triangle is n √ 3. 
